Abstract. Here we consider a construction of generic character sheaves on reductive groups over a finite ring at even levels, as well as the relevant induction and restriction functors, and a variant of Frobenius reciprocity. This is motivated by an algebraisation theorem in higher Deligne-Lusztig theory.
Introduction
The theory of character sheaves, initiated by Lusztig in [Lus86] for connected reductive groups over an algebraically closed field, is a geometrisation of characters. In this paper we propose a construction of generic character sheaves for connected reductive groups over O/π r ; here O is a complete discrete valuation ring with a finite residue field, π a uniformiser, and r a fixed arbitrary positive even integer. Previously, based on an analogue of the GrothendieckSpringer resolution, Lusztig considered the principal series case in [Lus06] with O = F q [[π] ]; our idea is to replace this morphism by another morphism, by the use of the arithmetic radical (this notion was introduced in [CS16] ; we will recall it in Section 2), which works for any series. An advantage of this morphism is that it does not depend on the choice of a Borel subgroup. We describe the initial motivation in the below.
The higher Deligne-Lusztig theory studies the representations of reductive groups over O/π r in a geometric way; it was developed for function fields (i.e. for O = F q [[π] ]) by Lusztig in [Lus79] and [Lus04] , and was generalised to an arbitrary O by Stasinski in [Sta09] , by the technique of Greenberg functor. When r > 1, besides these geometrically constructed (cohomological) representations, there are also algebraically constructed (induced) representations due to Gérardin [Gér75] . These two constructions share same parameters when some regularity conditions are satisfied, and Lusztig raised the problem that whether they coincide. We found a solution for even r in [CS16] ; we recall it in Section 2. This result motivates the constructions in this paper.
In Section 3 we recall Lusztig's construction of character sheaves on commutative groups.
In Section 4 we define generic character sheaves at even levels (i.e. r even). Their characteristic functions are the characters of the higher level Deligne-Lusztig representations. In Section 5 we define the induction and restriction functors; we show they satisfy transitivities. Then in Section 6, by the use of Verdiel dual we present a variant of Frobenius reciprocity, under certain assumption. As one can see, the higher level constructions in this paper share several similar properties with the level 1 case in [Lus86] .
In the final Section 7 we give some remarks in the function field case.
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Generic characters and Deligne-Lusztig theory
Let G be an affine smooth group scheme over O/π r , and let G be its base change to O ur /π r , where O ur is the maximal unramified extension of O. Denote by k (resp. F q ) the residue field of O ur (resp. O). There is an associated algebraic group G = G r = F G over k, where F is the Greenberg functor introduced in [Gre61] and [Gre63] . We recall some basic properties in this setting (for more details see [Sta09] ): The Frobenius element in Gal(k/F q ) gives a rational structure of G over F q ; we denote the associated geometric Frobenius by F . One has
as abstract groups. For any positive integer i ≤ r, the kernel of the reduction map modulo π i is a closed condition, and defines a normal closed subgroup G i of G; we denote the quotient group G/G i by G i . For convenience we put G 0 = G. Similar notation also applies to closed subgroups of G. For two elements x and y in an algebriac group, we use x y short for y −1 xy.
From now on let G be a reductive group; by this we mean it is an affine smooth group scheme, with the geometric fibre being a connected reductive group in the usual sense. Let T be a maximal torus of G such that T = F T is F -stable. Let B be a Borel subgroup of G containing T; there is the Levi decomposition B = TU, where U is the unipotent radical of B. Let B (resp. U) be the Greenberg functor image of B (resp. U). The Deligne-Lusztig variety associated to T and U is (see [Lus04] and [Sta09] )
Note that S T,U admits a left action of G F and a right action of T F , and these two actions commute. They induce actions on the compactly supported cohomology groups H i c (S T,U , Q ℓ ) for every i ∈ Z (here ℓ is a fixed arbitrary prime not equal to char(k)). The Deligne-Lusztig representation associated to θ ∈ T F = Hom(T F , Q × ℓ ) is defined to be the G F -module
where the subscript θ means taking the θ-isotypical part. Note that this is a virtual representation over Q ℓ .
In the remainder of the paper we assume r = 2l is even (do not mix l with the prime ℓ). Let U − be the unipotent radical of the opposite Borel subgroup of B, and denote by U − the corresponding Greenberg functor image. The commutative unipotent group
is called the arithmetic radical of T ; it is F -stable (see [CS16] ).
Let α ∈ Φ be an arbitrary root of T; we write T α = F T α , where T α is the image ofα. We call W (T ) := W (T 1 ) the Weyl group of T . More detailed properties on these concepts can be found in [DG70] . We recall some conditions on the characters of T F considered in [Lus04] , [Sta09] , and [CS16] .
(i) θ is said to be in general position if it is not stabilised by any non-trivial element in
(ii) For every root α ∈ Φ, let a be a positive integer such that (T α ) r−1 is F a -stable. Then θ is said to be regular if for every root α ∈ Φ, there is some t ∈ ((T α ) r−1 ) F a such that θ(tF (t)...F a−1 (t)) = 1. The regularity does not depend on the choice of a. (iii) Let θ be the trivial extension of θ to (T U ± ) F , then θ is said to be generic if it is regular, in general position, and Stab
We remark that the genericity is very close to the regularity (see [CS16] ). We have the following algebraisation theorem.
Proof. See [CS16] .
Character sheaves on abelian groups
Here we recall the construction of character sheaves on commutative algebraic groups in [Lus06, 5] , with a focus on T .
Fix an arbitrary positive integer m, let L be the Lang endomorphism associated to F m on T . There is a direct sum decomposition of Q ℓ -sheaves on T
where E ψ is a locally constant Q ℓ -sheaf of rank 1, whose stalk at t ∈ T is the 1-dimensional
There is a unique isomorphism of locally constant
Definition 3.1. Let S(T ) be the set of all E ψ , for various m and ψ.
Generic character sheaves
The algebraisation theorem of the generic Deligne-Lusztig representations R θ T,U at even levels (see Theorem 2.2) suggests one may develop a generic character sheaf theory for reductive groups over O K /π r , r even, based on Gérardin's representations. Given a variety X over k, we write D(X) short for D b c (X, Q ℓ ), the bounded derived category of constructible Q ℓ -sheaves. For a product variety X × Y we denote by π X the projection to X.
is a closed subvariety of the product variety G × G/T U ± , and a is defined to be the left projection, and b is the projection of
Let us examine some basic properties of Z T .
Lemma 4.1. The variety Z T , and the morphisms a and b, are all defined over F q .
Proof. This follows from that U ± is F -stable.
Lemma 4.2. The variety Z T is smooth and connected.
Proof. The argument is similar to [Lus86, 2.5.2]. Consider the surjective flat base change 
which is clearly smooth and connected.
Now back to the diagram
For an arbitrary positive integer m and an arbitrary θ ∈ T F m , consider
Definition 4.3. We call the complexes K θ , for various generic characters θ ∈ T F m and various m ∈ Z >0 , the generic character sheaves on G.
Let θ ∈ T F m be a generic character, we want to evaluate the characteristic function of the complex K θ with respect to ϕ, i.e. evaluate
for any g ∈ G F m ; it is indeed the character value of the Deligne-Lusztig representation R θ T,U . Proposition 4.4. Along with the above notations, we have
Proof. The argument is standard. Firstly, by the proper base change theorem we have
Then by applying the Grothendieck-Lefschetz trace formula we get
This is, by definition of induced characters, the character value of Ind
(T U ± ) F m θ at g. Now the proposition follows from Theorem 2.2.
Induction and restriction
In this and the next sections we define induction and restriction functors, and show their transitivities as well as a variant of Frobenius reciprocity. Given a variety X over k, let D ≤0 (X) be the full subcategory of D(X) consisting of objects K such that H i (K) has support of dimension ≤ i for any integer i, and let D ≥0 (X) be the full subcategory of D(X) consisting of objects K such that D X (K) ∈ D ≤0 (X), where D X is the Verdier dual of K in D(X). The category of perverse sheaves is defined to be
Fix an arbitrary parabolic subgroup P of G containing T, let L be a fixed arbitrary Levi subgroup of P containing T; denote by P and L the corresponding Greenberg functor images, respectively. Write U P for the unipotent radical of P, and write U − P for the unipotent radical of its opposite parabolic subgroup; their Greenberg functor images are denoted by U P and U − P , respectively. We put We start with induction. Consider the varieties
they admit the G-action y ∈ G : (g, x) → (ygy −1 , yx). There is a G-equivariant smooth morphism with connected fibres
this morphism is a principal LU ± -fibration, where
. Moreover, note that the quotient G → G/LU ± is locally trivial (since the mul-
, therefore π ′ L,G is a locally trivial principal fibration by LU ± . Let G acts trivially on L, then there is another G-equivariant smooth morphism with connected fibres
where π L is the projection from LU ± to L. By this morphism the action of LU ± on Z G L induces an action of LU ± on L that compatible with the conjugation action of L on itself, so π L,G is an LU ± -equivariant morphism. Now we can consider the diagram
where π ′′ L,G is the left projection (which is G-equivariant with the conjugation action of Definition 5.1. Given K ∈ M(L) equivariant under the conjugation action of L, along with the above notations, we put ind 
In this situation, one might expect moreover that K θ [dim G] is a simple perverse sheaf, provided θ is generic: This is known in certain cases; see Section 7. 
Proof. The argument is an analogue to the one in [Lus86, 4.2] . Consider the commutative diagram
± }, and Y is the quotient of X by the MU ± -action given by q ∈ MU ± : (g, x, z) → (g, xq −1 , zq −1 ); f denotes the quotient morphism. The other morphisms are as below:
, where π M is the projection from
Note in the above diagram, the below two squares are cartesian, and e i and f are smooth morphisms with connected fibres.
To show ind 
by the proper base change theorem. Thus we only need to show e 2 K M,G ∼ = e 1 K M,L ; this is equivalent to
as f is fully faithful on perverse sheaves (again by [Lus86, 1.8.3]). By the definitions of K M,L and K M,G , (4) follows from
so we complete the proof.
Now we turn to restriction.
where i is the natural closed immersion and π L is the projection from
Example 5.6. Consider the case that K = K θ with θ ∈ T F m for some positive integer m. Suppose L is defined over F q . Then since both π L and i are defined over F q , the isomorphism
and we denote it again by ϕ. Thus by basic properties of characteristic functions we see
Tr(su, Ind
Proposition 5.7. Suppose M is a Levi subgroup of L containing T, and denote by M its Greenberg functor image, then res
Where π ′ and π ′ M are the natural projections, and i 1 , i 2 , and i ′ 2 are the natural inclusions. Note that the middle diamond is cartesian, so by the proper base change we have
Thus the transitivity holds.
Frobenius reciprocity
As in the level r = 1 case, one desires res Lus86, 4.4] . By assuming this property we prove a variant of Frobenius reciprocity for the induction and restriction functors. Firstly note that, if K is an equivariant perverse sheaf on L, then by the compatibilities between the Veridier duality functor and (proper) pull-backs (see e.g. [BD10, E.4]), its Verdier dual D L K is also an equivariant perverse sheaf. We ignore Tate twists.
Proof. We start with a similar method in [Lus86, 4.4] . Consider the commutative diagram
where i and π L are as in (5), π ′′ L,G is as in (2), and β is the quotient morphism of the LU ± -action on L × G given by
and the other morphisms are as below:
In this diagram, by identifying
and (f , β, ρ, φ) form two cartesian diagrams, β is a locally trivial fibration (as φ and ρ are locally trivial fibrations), and f is smooth with connected fibres (
Consider the right hand side; by the proper base change theorem
which is actually Rφ ! (ζ) * A[dim G] by the equivariance of A, and then again by the proper base change theorem we get
On the other hand, by [Lus86, 1.9 .3] we have γA 1 = βA
thus [Lus86, 1.8.2] and adjunctions imply
by the Verdier duality (see e.g. [BD10, E.4]).
Meanwhile, since γA 1 = βA
Thus by the uniqueness of (D L A 1 ) L,G (see the paragraph below (2) for the definition of (−) L,G and the uniqueness) we get f
This completes the proof.
Further remarks on function fields
Throughout this section we focus on the function field case O = F q [[π] ]. Note that a very special phenomenon happened in this case is the existence of a natural section G 1 → G to the reduction map.
In this situation. Lusztig considered in [Lus06] the generic principal series character sheaves (here "principal series" means the involved T is contained in an F -stable B), and conjectured these complexes are perverse; his construction is based on an analogue of the Grothendieck-Springer resolution. Later, in [Lus15] Lusztig proved his conjecture at levels r ≤ 4, under certain restriction on the characteristic of the base field F q (this restriction depends on r and G 1 , and is to ensure the existences of certain symmetric form on the Lie algebra and certain vector bundle structure). In his argument, certain complexes based on Gérardin's representations are proved to be perverse (his construction of these complexes is a little bit different from the one in this paper, but the resulting complexes are up to shifts isomorphic), and he showed the principal series character sheaves coincide with these complexes. This coincidence was extended to a general r by Kim [Kim16] recently, under the same restriction.
Meanwhile, at level r = 2, Fan considered in his PhD thesis [Fan12] another construction of character sheaves, by a method different from ours. While in his construction the characteristic functions are not known, it is by definition that his complexes are perverse. It would be interesting to understand the relations between his construction and our construction.
Finally, note that Lusztig's perversity conjecture [Lus06, 8(a) ] also makes sense for the complexes considered in this paper, beyond the principal series case and the function field case.
